Let G be a (k + m)-connected graph and F be a linear forest in G such that |E(F )| = m and F has at most k − 2 components of order 1, where k 2 and m 0. In this paper, we prove that if every independent set S of G with |S| = k + 1 contains two vertices whose degree sum is at least d, then G has a cycle C of length at least min{d − m, |V (G)|} which contains all the vertices and edges of F .
Introduction
In this paper, we only consider finite undirected graphs without loops or multiple edges. For standard graph-theoretic terminology not explained in this paper, we refer the reader to [3] . We denote the degree of a vertex x in a graph G by d G (x) . Let (G) and (G) be the connectivity and the independence number of a graph G. We define We often simply write , , k and r k instead of (G), (G) , k (G) and r k (G), respectively. In 1984, Enomoto gave a degree sum condition that guarantees a long cycle passing through a path. We say a cycle C passes through a subgraph H if H ⊂ C.
Theorem A (Enomoto [4] ). Let m 1. Let G be an (m + 2)-connected graph and P be a path of length m. Then G has a cycle of length at least min{ 2 − m, |V (G)|} passing through P .
The degree condition of this theorem is weakened as the following theorem.
Theorem B (Hirohata [6] ). Let k 2 and m 1. Let G be a (k + m)-connected graph and P be a path of length m. Then G has a cycle of length at least min{2 k+1 /(k + 1) − m, |V (G)|} passing through P .
Since 2 k+1 /(k + 1) 2 , this result is an improvement of Theorem A. On the other hand, Hu et al. considered a long cycle passing through a linear forest, a graph in which every component is a path. They proved the existence of such cycles by using the k+1 -type condition, as follows. We denote by 1 (G) the number of components of order 1 in G.
Theorem C (Hu et al. [7] ). Let k 2 and m 0. Let G be a (k + m)-connected graph and F be a linear forest with
Because a path is a special linear forest, this result is a generalization of Theorem B. In both of the degree conditions of Theorems B and C, the invariant 2 k+1 /(k + 1) occurs. This invariant is used for the degree conditions of many results which deal with long cycles in graphs, though this value is fractional. Since the length of a cycle is always integer, as pointed out in [1] , we naturally guess that these fractions can be eliminated. In this paper, we do this elimination for Theorem C, and prove the following theorem. This theorem suggests that the degree sum of two vertices is important to guarantee a long cycle passing through a linear forest.
We shall show that the conditions in Theorem 1 are best possible, and Theorem 1 is stronger than Theorem C.
(1) The bound min{ 
− m is larger than 2 k+1 /(k + 1) − m. Moreover, the length of a longest cycle passing through P 3 is 2k + l + m − 1 = 
Notation and preliminaries
For standard graph-theoretic terminology not explained in this paper, we refer the reader to [3] . For a subgraph H of G and a vertex x ∈ V (G), we also denote
denotes the set of vertices in G − X which are adjacent to at least one vertex in X. Furthermore, for a subgraph H of G and X ⊂ V (G), we write
(H ). If there is no fear of confusion, we often identify a subgraph H of a graph G with its vertex set V (H ).
We write a cycle C with a given orientation by In the rest of this section, we shall show some lemmas. We need the following two theorems to prove the first two lemmas. [5] 
Theorem 2 (Bondy and Jackson [2]). Let G be a 2-connected graph with |V (G)| 4 and u, v, w ∈ V (G). If d G (x) d for any vertex x ∈ V (G)\{u, v, w}, then there exists a (u, v)-path of length at least d.

Theorem 3 (Häggkvist and Thomassen
By Theorem 2, the following lemma is obvious.
Lemma 1. Let G be a connected graph, B be an endblock of G and u ∈ I B . Then for any v ∈ V (G)\{u}, G has a (u, v)-path of order at least
By Theorem 3 and Menger's Theorem, we can easily obtain the following lemma. Let G be a graph, C be a cycle of G, H be a component of G-C and B be an endblock of H . For two distinct vertices (v) such that x = y and {x, y} ∩ I B = ∅. We call S a good set for B if (u, v) is a good pair for B for any two distinct vertices u, v in S. 
Thus X is a good set for B, and so X ∪ X is a good set for B of order k.
Proofs
First, we give a proof of the following theorem. For a matching M of a graph G, let V (M) be the set of vertices which are incident to an edge of M. 
Claim 1. For every i ∈ L, G (H i ) < d/2.
Proof. By the choice of H 0 , it suffices to prove G (H
0 ) < d/2. Suppose that G (H 0 ) d/2. By the choice of C, d − m > |V (C)| 2t − m. Therefore d/2 > t k + m and |V (H 0 )| 2.
Subclaim 1. |B| 3.
Proof. Suppose that there exist two vertices
This contradiction implies that there exists at most one vertex u with d H 0 (u) = 1. Since |B| |B |, we have |B| 3.
Subclaim 2. Let
By the definition of X,
Thus, it follows from (1) and (2) 
Proof. Since (v h j , v i j ) is a good pair for B, N I B (v h j ) ∪ N I B (v i j ) = ∅. Without loss of generality, we may assume that
) is a good pair, hence we may assume that
By Subclaim 3, Lemma 1 and the choice of C,
a contradiction. This completes the proof of Claim 1.
Claim 2. Let i, j be integers with
passes through M ∪S and its length is greater than the length of C. This contradicts the choice of C, hence we have v
] passes through M ∪ S and its length is greater than the length of C. This contradicts the choice of C, hence we have N G (v
Thus we obtain d G (v 
Now, for 0 i t, we choose a vertex u i as follows: if
where P l is a longest C-path such that
Hence we obtain Finally, by using Theorem 4, we shall prove Theorem 1.
Proof of Theorem 1. Let P 1 , P 2 , . . . , P l be components of F , each of which has order at least 3. Let x i and y i be the endvertices of P i and Q i = P i − {x i , y i } for 1 i l. Now make a new graph G * = G − 
